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1 Introduction 

We study groups acting isometrically and cellularly on CAT(0) square complexes. 
A CAT(0) square complex is a simply connected 2-complex such that each 2-cell is 
isometric to the unit square in the Euclidean plane and all simple loops in the vertex 
links contain at least four edges. A CAT(0) square complex with the induced path 
metric is a CAT(0) space. 

Let G be a group acting properly and cocompactly on a CAT(0) square complex 
by cellular isometries. By a result of G. Niblo-L. Reeves ( jNRj ) . G does not have 
Kazhdan's property (T). Besides this result, not much restriction is known about the 
properties of G. G can be an incoherent group (for instance F 2 x F 2 , [5], [El]), a 
nonresidually finite group (|W]) or even a torsion-free simple group (|BMJ). In this 
paper we are mainly interested in the structure of subgroups of G. Specifically we 
would like to know whether a subgroup contains a free group of rank two if it is not 
virtually free abelian. 

The same question can be asked for any group G acting properly and cocom- 
pactly on a CAT(0) space X. It has been answered affirmatively for the following 
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spaces: trees (jPVj) or more generally Gromov hyperbolic spaces ([0]); certain cubical 
complexes ( BSw ); Euclidean buildings of rank > 3 or symmetric spaces (jlj); spaces 
with isolated flats ( HRJ); Hadamard 3-manifolds and certain real analytic Hadamard 
4- manifolds ( |Xlj ). The question in the general case appears hard. In particular it is 
still open for Hadamard 4-manifolds and CAT(0) 2-complexes. It is not even known 
( |Swj ) whether G has an infinite subgroup where each element is of finite order. S. 
Adams and W. Ballmann ( |ABj ) showed any amenable subgroup of the group G is 
virtually free abelian. When X is a piecewise smooth 2-complex where each edge is 
contained in at least two 2-cells, W. Ballmann and M. Brin ( |BBrj ) showed either G 
contains a free group of rank two or X is isometric to the Euclidean plane. 

Below we describe the results in this paper. A square complex is a quarter plane 
if it is isomorphic to the first quadrant {(x, y) G R 2 : x > 0, y > 0} with the obvious 
square complex structure. The point corresponding to the origin is called the cone 
point of the quarter plane. A square complex homeomorphic to the plane is a fake 
plane if it is the union of five quarter planes having the same cone point and disjoint 
interiors. The main result of this paper can be stated as follows. 

Theorem 1.1. Let G be a group acting properly and cocompactly on a CAT(0) square 
complex X by cellular isometries. If there is no fake plane in X, then any subgroup 
H of G either is virtually free abelian or contains a free group of rank two. 

In general it is not easy to check whether a CAT(0) square complex contains a 
fake plane. But if a CAT(0) square complex contains a fake plane, then some vertex 
link (at the cone point) must contain a simple loop with 5 edges. Notice there are 
only a finite number of vertex links modulo G and each vertex link is a finite graph. 

Corollary 1.2. Let G be a group acting properly and cocompactly on a CAT(0) 
square complex X by cellular isometries. If no vertex link of X contains simple loops 
consisting of five edges, then any subgroup of G either is virtually free abelian or 
contains a free group of rank two. 

If each simple loop in the vertex links of X consists of an even number of edges 
Corollary 11.21 also follows from W. Ballmann and J. Swiatkowski's result ( fBSwj ) on 
foldable cubical complexes. Recall for any odd integer m > 5, there are CAT(0) 
square complexes admitting proper and cocompact cellular isometric actions such 
that vertex links contain simple loops consisting of m edges: ([Be , [BH , |BBr2j ) 
given any finite connected graph L where simple loops contain at least 4 edges, there 
exists a CAT(0) square complex admitting a proper and cocompact cellular isometric 
action such that all vertex links are isomorphic to L. 

For any CAT{fS) space X, dx denotes the Tits metric on the ideal boundary d^X. 
For each geodesic c : R — > X, the positive and negative directions of c give rise to two 
points in the ideal boundary, called the endpoints of the geodesic (see Section |2~2]) . 
When g is a hyperbolic isometry of a CAT(0) space, we denote the endpoints of the 
axes of g by g(+oo) and g(— oo). 
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In order to prove Theorem 11.11 we need to decide when a subgroup of G contains 
a free group of rank two. By W. Ballmann's theorem (see Section f3.1l or BJ), if a 
subgroup H < G contains a rank one isometry then H either is virtually infinite 
cyclic or contains a free group of rank two. K. Ruane (|RJ) showed if g, h are two 
hyperbolic isometries and if cIt^,?]) > n for any £ G {g(+oo), g(—oo)} and any 
r\ G {h(+oo), h(—oo)}, then the group generated by g and h contains a free group 
of rank two. Notice if £,77 G d^X with dT{^,rj) > n, then there is a geodesic in 
X with £ and rj as endpoints. Thus the following result should be considered as a 
generalization of K. Ruane's theorem in the case of square complexes. 

Theorem 13. 71 Let X be a locally compact CAT(0) square complex. Suppose g and h 
are two hyperbolic isometries of X such that for any £ G {g(+oo), g(— oo)} and any 
f] G {/i(+oo), h(—oo)}, there is a geodesic in X with £ and f] as endpoints. Then the 
group generated by g and h contains a free group of rank two. 

R. Alperin, B. Farb and G. Noskov ( [AFNj ) provided sufficient conditions for two 
hyperbolic isometries to generate a free group of rank two. Let g,hbe two hyperbolic 
isometries of a CAT(0) space X and a g , ah their axes. In the case the two axes are 
disjoint and if p G a g , q G a h realize the distance between the axes, their condition 
requires the four angles that the geodesic segment pq makes with the axes to be ir. 
A similar idea was also used by W. Ballmann and M. Brin in an earlier paper (BBrJ. 
Their conditions are too stringent for our purposes. Our condition is weaker and 
more applicable, but only in the square complex case. It is an open question whether 
Theorem 13.71 holds for all CAT(0) spaces. 

To apply Theorem 13.71 we need to know when two points £,77 G d^X are the 
endpoints of a geodesic in X. Recall a necessary condition is ^(£,77) > ir, and a 
sufficient condition is g?t(£, v) > 71 ■ We provide a criterion for £ and 77 to be the 
endpoints of a geodesic in X when dT{£,,i]) = ir and X is a CAT(0) 2-complex. 

A point in the ideal boundary of a CAT(0) space is called a terminal point if it 
does not lie in the interior of any Tits geodesic. 

Theorem 14.91 Let X be a CAT(0) 2-complex that admits a proper, cocompact action 
by cellular isometries. If £,77 G dooX are not terminal points and dT{C,v) > 17 > then 
there is a geodesic in X with £ and 77 as endpoints. 

The conclusion of Theorem I4. 91 does not hold if X is not a CAT(0) 2-complex. For 
instance, the universal covers of nonpositively curved 3-dimensional graph manifolds 
( [BSj . |CKp are counterexamples. 

To complete the proof of Theorem II. II we need to find two hyperbolic isometries 
g, h of the subgroup H such that c?t(£,^) > 7r for any £ G {g(+oo), g(— 00)} and 
any 77 G {h(+oo), h(—oo)}. This is done with the help of the following result, whose 
proof is essentially due to W. Ballmann and S. Buyalo ( BBJ). Recall for any group 
H acting isometrically on a CAT{fS) space X, the limit set A(if) C d^X (see Section 
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12. 51 for definition) is closed and invariant under H. A minimal set is a closed and H- 
invariant subset of A(H) that does not properly contain any closed and if -invariant 
subset of A(if ). Minimal set always exists when the CAT(0) space is locally compact. 

Theorem 12 . 71 f |Xlj ) Let X be a locally compact CAT(0) space and H a group acting 
on X by isometries. If H does not contain any rank one isometry, then for any 
minimal set M we have g?t(^, < tt for any m G M and any £ G A(H). 

The paper is organized as follows. In Section|2]we recall basic facts about CAT(0) 
square complexes and collect results that shall be needed later on. The topics covered 
in this section include: CAT(0) 2-complexes, Tits boundary, action of a hyperbolic 
isometry on the ideal boundary, convex subgroups and minimal set. In Section |3] we 
prove Theorem 13.71 In Section 0] we recall results from |X2j about Tits boundary of 
CAT(0) 2-complexes and prove Theorem 14.91 In Section we use support sets to 
show a CAT(0) square complex contains a fake plane if and only if the Tits boundary 
contains a simple loop with length 2.5tt. The proof of Theorem 11.11 is completed in 
Sections El and 

Acknowledgment. I would like to thank Bruce Kleiner, Quo- Shin Chi and Blake 
Thornton for helpful discussions and suggestions. 

2 Preliminaries 

In this section we first recall basic definitions concerning CAT{fS) spaces and then 
record some results that shall be needed later on. The reader is referred to [B] , |BHj , 
|R] , |Swj and |Xlj for more details on the material in this section. 

2.1 CAT(0) Square Complexes 

Let Z be an arbitrary metric space. For any subset A C Z and any e > 0, the 
e-neighborhood of A is N t (A) = {z G Z : d(z, a) < e for some a G A}. For any z G Z 
and any r > 0, B(z, r) = {z' G Z : d(z, z') < r} is the closed metric ball with center 
z and radius r. For a group G of isometries of Z, the action of G on Z is proper if 
for any compact set K C Z, the set {g G G : g(K) H K ^ (ft} is finite. 

A minimal geodesic in Z is an isometric embedding c : / — > Z where I C R 
is an interval in the real line R. A geodesic in Z is a locally isometric embedding 
c : I — > Z, that is, each point t G / has a neighborhood U in I such that cp is a 
minimal geodesic. If c : [a, b] — > Z is a geodesic, then we say c is a geodesic segment 
from c(a) to c(6); sometimes we also say c connects the two points c(a) and c{b). We 
also abuse language and call the image of a geodesic a geodesic. 

The Euclidean cone over Z is the metric space C(Z) defined as follows. As a set 
C(Z) = Zx[0, oo)/Z x {0}. The image of (z, t) is denoted by tz. d(tizi, tiz%) = ti+t 2 
if d(zi, z 2 ) > 7r, and d(tiz 1} t2Z 2 ) = \ft\-\-t\ — 2t 1 t 2 cos^^x, z 2 )) if d(zi, z 2 ) < vr. The 
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Euclidean cone C r (Z) over Z with radius r > is the metric ball B(0,r) C C(Z) 
where O = Z x {0} is the cone point of C(Z). 

A 2-dimensional CW-complex is called a polygonal complex if 

(1) all the attaching maps are homeomorphisms; 

(2) the intersection of any two closed cells is either empty or exactly one closed cell. 

A 0-cell is also called a vertex. A closed 2-cell whose boundary contains n vertices 
is called a n-gon. 

A polygonal complex is piecewise Euclidean if there is a metric on each closed cell 
such that 

(1) each closed cell is isometric to a closed convex subset of the Euclidean plane; 

(2) if A, B are two closed cells with A C B, then the inclusion of A into B is an 
isometric embedding. 

It follows that a n-gon in a piecewise Euclidean polygonal complex X is isometric 
to a convex Euclidean n-gon, although the interior angles at some vertices could be 
7r. We assume there are only a finite number of isometry types for the closed cells of 
X and always equip X with the induced path metric. It follows from |BHj that X is 
a complete metric space. 

Let X be a locally finite piecewise Euclidean polygonal complex and The 
link Link(X, x) is a metric graph defined as follows. Let A be a closed 2-cell containing 
x. The unit tangent space S X A of A at x is isometric to the unit circle with length 
2n. We first define a subset Link(A,x) of S X A. For any v £ S X A, v £ Link(A,x) if 
and only if the initial segment of the geodesic with initial point x and initial direction 
v lies in A. Thus Link(A,x) = S X A if x lies in the interior of A; Link(A,x) is a 
closed semicircle (with length it) if x lies in the interior of a 1-cell contained in A; 
and Link(A, x) is a closed segment with length a if x is a vertex of A and the interior 
angle of A at x is a. Similarly if x is contained in a closed 1-cell B we can define 
S X B and Link(B, x) C S X B. We note S X B consists of two points at distance ix apart, 
Link(B,x) = S X B if x lies in the interior of B and Link(B,x) consists of a single 
point if x is a vertex of B. When x lies in a closed 1-cell B and B is contained in a 
closed 2-cell A, S X B and Link(B,x) can be naturally identified with subsets of S X A 
and Link(A,x) respectively. 

We define Link(X,x) = LiA,Link(A,x), where A varies over all closed 1-cells and 
2-cells containing x. Here Link(B,x) is identified with a subset of Link(A,x) as 
indicated in the last paragraph when x lies in a closed 1-cell B and B is contained in 
a closed 2-cell A. We let d x be the induced path metric on Link(X,x). 

Since X is piecewise Euclidean and locally finite, it is not hard to see that for 
each x £ X there is some r > such that B(x,r) C X is isometric to the Euclidean 
cone C r (Link(X , x)) over Link(X,x) with radius r. 

We say X is nonpositively curved if for each vertex v £ X, Link(X, v) contains no 
simple loop with length strictly less than 2n. A CAT(0) 2-complex in this paper shall 
always mean a simply connected, nonpositively curved and locally finite piecewise 
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Euclidean polygonal complex. 

A CAT(0) square complex is a CAT(0) 2-complex such that each closed 2-cell 
is isometric to the square in the Euclidean plane with edge length 1. Let A be a 
CAT(0) square complex. Then for each vertex v £ X, each edge in Link(X,v) has 
length tt/2. Thus each simple loop in Link(X,v) contains at least 4 edges. 

CAT(0) 2-complexes are examples of CAT(0) spaces (see for example |BH| ). Let 
X be a CAT(0) space. One key feature of a CAT(0) space is the convexity of distance 
function: if c\ : I\ — > X, c 2 : J 2 — > X are geodesies, then d(cx(ti), c 2 {t 2 )) is a convex 
function defined on I\ x I 2 . It follows that all geodesies in X are minimal geodesies, 
and there is exactly one geodesic segment connecting two given points in X. For any 
x,y £ X, xy shall denote the unique geodesic segment connecting x and y. 

Let X be a CAT(0) space. For any three points x,y,z £ X with y,z ^ x, let 
x',y',z' £ E 2 be three points on the Euclidean plane such that d(x,y) = d(x r ,y r ), 
d(y,z) = d(y',z') and d(z,x) = d(z',x'). Set Z x (y,z) = Z x t(y',z'), the angle between 
the two segments x'y' and x'z' in the Euclidean plane. Let c\ and c 2 be geodesic 
segments from x toy and from x to z respectively. The convexity of distance function 
implies Z x (ci(t), c 2 (t)) is an increasing function of t. Thus we can define the angle at 
x between y and z as follows: 

Z x (y,z) = lim Z x (c 1 (t),c 2 (t)). 

The angle at x satisfies the triangle inequality: Z x (y, z) < Z x (y, w) + Z x (w, z) for all 
y,z,w 7^ x. And we have Z x (y,z) + Z y (z,x) + Z z (y,x) < n for any three distinct 
points x,y,z £ X. 

Let A be a CAT(0) 2-complex. For any x, y £ X with x ^ y, the tangent vector of 
xy at x is denoted by \og x (y) £ Link(X, x). Notice for any x, y, z £ A with y,z x, 
we have Z^y, 2) = min{vr, e^log^y), log^z))}. 

Let A be a CAT(0) space. A subset A C A is a convex subset if C A for 
any a;,y £ A. Let A C A be a closed convex subset. The orthogonal projection 
onto A, n a '■ X —>■ A can be defined as follows: for any x £ A the inequality 
d(x, 7Ta(x)) < <i(x, a) holds for all a £ A. It follows that for any x ^ A and any 
a 7^ vr^(x) we have Z WA ^(x, a) > tt/2. 

2.2 Ideal Boundary of a CAT(0) Space 

Let A be a CAT(O) space, for example a CAT(0) 2-complex. A ray starting from 
p £ A is a geodesic a : [0, 00) — > X with a(0) = p. Two rays ai and a 2 are asymptotic 
if rf(o!i(i), «2(^)) is a bounded function on the interval [0, 00). The ideal boundary of 
A is the set dX of asymptotic classes of rays in A. Set A = A U dX. For any 
p £ A and any £ £ <9A, there is a unique ray 7^ : [0, 00) — > A that starts from p 
and belongs to £ (the image of 7 P £ is denoted by Thus for any p £ A we can 
identify <9A with the set of rays starting from p. Fix p £ A. Let a, aij (z = 1, 2, • • • ) 
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be rays starting from p. We say converges to a if oti converges to a uniformly 

on compact subsets of [0, oo). Similarly for Xj G X (i = 1,2, •■•) we say {xi}°t 1 
converges to £ G A if pxi converges to the geodesic segment or ray p£ uniformly on 
compact subsets. In this way we define a topology on X. It is easy to check that this 
topology is independent of the point pel and the induced topology on X coincides 
with the original metric topology on X. Both this topology and the induced topology 
on dX are called the cone topology. dX together with the cone topology is called the 
geometric boundary of X, and denoted by d^X. 

Let p G X and £, 77 G dX, it follows from the convexity of distance function that 
Z p (7p^(t), 7 pr? (t)) is an increasing function of t and therefore the following limit exists: 
lim^oo Z p (j p ^(t), 7 pr? (t)). This limit is independent of the point p and defined to be 
the Tits angle Zy(£, 77) between £ and 77. The Tits metric d? on dX is the path 
metric induced by Zj-. Notice dx takes value in [0, 00) U {+00}. In particular, by 
Proposition 12. II (iv) below, dx{£, tj) — 00 if and only if £, 77 G dX are in different path 
components with respect to Zy. <9A equipped with the Tits metric dx is denoted by 
8tX. The Tits topology and the cone topology are generally quite different. 

Below we collect some basic facts concerning the Tits metric. For more details 
please see pJGrS] and |BHj . For any geodesic c : R — > X in a CAT(0) space, we call 
the two points in d^X determined by the two rays C|[ 0)+O o) and C|(„ OO)0 ] the endpoints 
of c, and denote them by c(+oo) and c(— 00) respectively. 

Proposition 2.1. Let X be a locally compact CAT(0) space, 8tX its Tits boundary, 
and £,77,^,7/; G <9 T A (i = 1,2, • • •). 

(i) <9tA zs a CAT(l) space; in particular, there is no geodesic loop in OtX with length 
strictly less than 2n; 

(ii) IfdriCv) > 71 ! then there is a geodesic in X with £,77 as endpoints; 

(iii) If & — > £ and r]i — > rj in the cone topology, then ^(£,77) < liminfj^oodT^i, t^)/ 

(iv) If 77) < 00, £/ien £/iere a minimal geodesic in OtX from £ to 77; 

(v) Ifd T (^r)) < it, then drfav) = ^t(^v)- 

2.3 Dynamics of Hyperbolic Isometries 

Let X be a CAT(0) space and g : X — > X an isometry of X. g is called a hyperbolic 
isometry if it translates a geodesic, that is, if there is a geodesic c : R — > X and a 
positive number / so that g{c(t)) = c(t + l) for all t E R; the geodesic c is called an axis 
of g. All the axes of g are parallel, thus it makes sense to denote g(+oo) = c(+oo), 
g(—oo) = c(— 00). Recall two geodesies Ci,c 2 : i? — > A are parallel if d(c\{t), c 2 (t)) is 
a bounded function over R. 

For a hyperbolic isometry g, let Min(g) be the union of all the axes of g and P 9 
the union of all the geodesies parallel to the axes of g. We call P g the parallel set of 
g. Then Min(g) C P 5 . Both Min(g) and P 9 are closed convex subsets in A and split 
isometrically as follows: Min(g) = Y x R c Y x R = P g , where Y C Yq is a closed 
convex subset of Yq, eac h {t/} x i?, y G K is an axis of g and each {y } x R, y G 1q 
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is parallel to the axes of g. The geometric boundaries dooMin(g) and dooP g naturally 
embed into dooX. 

Recall each isometry g of X induces a homeomorphism (with respect to the cone 
topology) of X, which we still denote by g. 

Theorem 2.2. (V. Schroeder |BGSj . K. Ruane [R]) Let X be a locally compact 
CAT(0) space and g a hyperbolic isometry of X. Then: 

(i) The fixed point set of g in d^X is (9 00 Mm(^); 

(ii) If £ G dooX — d^Pg and 77 is an accumulation point of the set : i > 1}, 
then i] G dooPg and Zt(ti, g(— 00)) = g(— 00)). 

2.4 Convex Subgroups 

The following definition is due to E. Swenson ( |Swj ) . 

Definition 2.3. Let X be a CAT(0) space and G a group acting properly and 
cocompactly by isometries on X. A subgroup H < G is a convex subgroup if there 
is a closed convex subset Y C X such that h(Y) = Y for any h G if and Y/H is 
compact. 

Theorem 2.4. (E. Swenson |Swj ) Lei X be a CAT(0) space and G a group act- 
ing properly and cocompactly by isometries on X. Suppose ff, K C G are convex 
subgroups with A,BcX the corresponding closed convex subsets. Then ff R K is a 
convex subgroup. Furthermore, for any e > with N e (A) (lN e (B) 7^ cf), N e (A) C\ N e (B) 
is a closed convex subset corresponding to H R K . 

Recall for any group G and any g G G, the centralizer of g in G is defined as 
follows: C g (G) = {7 eG : 70 = #7}. 

Theorem 2.5. (K. Ruane |RJ) Let X be a CAT(0) space, G a group acting properly 
and cocompactly by isometries on X and g G G a hyperbolic isometry. Then C g {G) 
is a convex subgroup with Min(g) the corresponding closed convex subset. 

2.5 Action on the Limit Set 

Let X be a CAT{fS) space and H a group acting on X by isometries. A point 
£ G dooX is a limit point of H if there is a sequence of elements C H such 

that — > £ for some (hence any) x G X. The Hrmt se£ A(H) C c^X of if is the 
set of limit points of if. It is easy to check that A(if ) is closed (in the cone topology) 
and if-invariant. 

Definition 2.6. A nonempty closed and if-invariant subset M C A(ff ) is minimal 
if it does not contain any proper subset that is nonempty, closed and if-invariant. 
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When the CAT(0) space X is locally compact, the geometric boundary dooX and 
all its closed subsets are compact. It follows from Zorn's lemma that minimal set 
always exists when X is locally compact. 

The proof of the following result is essentially due to Ballmann and Buyalo QBBJ), 
who assumed A(if) = d^X. See Section I3~T1 for the definition of a rank one isometry. 

Theorem 2.7. QXlJ) Let X be a locally compact C AT(0) space and H a group acting 
on X by isometries. If H does not contain any rank one isometry, then dr(m, £) < tt 
for any minimal set M and any m G M, £ G A.(H). 

3 Free Subgroups 

The goal of this section is to establish a criterion ( Theorem I3.7|l for the existence of 
free subgroups in a group acting isometrically on a CAT(0) square complex. 

3.1 Rank One Isometries 

Let X be a CAT(0) space. A flat half-plane in X is the image of an isometric 
embedding / : {(x,y) G E 2 : y > 0} — > X, and in this case we say the geodesic 
c : R — > X, c{t) = f{t, 0) bounds the flat half-plane. 

Definition 3.1. A hyperbolic isometry g of a CAT(0) space X is called a rank one 
isometry if no axis of g bounds a flat half-plane in X. 

Theorem 3.2. (W. Ballmann [B"|) Let X be a locally compact CAT(0) space and g 
a rank one isometry of X. Given any neighborhoods U of g(+oo) and V of g{— oo) 
in X, there is an n > such that g k (X — V) C U and g~ k (X — U) C V whenever 
k > n. 

Theorem 13.21 implies g{+oo) and g{— oo) are the only fixed points of a rank one 
isometry g in X. The theorem also has the following two corollaries. 

Corollary 3.3. Let X be a locally compact CAT(0) space, G a group of isometries 
of X and g G G a rank one isometry. Then one of the following holds: 

(i) G has a fixed point in d^X ; 

(ii) Some axis c of g is G-invariant; 

(iii) G contains a free group of rank two. 

Corollary 3.4. Let G be a group acting properly and cocompactly by isometries on a 
CAT(0) space, and H a subgroup of G. If H contains a rank one isometry, then H 
either is virtually infinite cyclic or contains a free group of rank two. 
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3.2 Ping-Pong Lemma 

For any group G and any gi,g 2 G G, < gi,g 2 > denotes the group generated by g\ 
and g 2 - We recall the following well-known lemma. 

Lemma 3.5. Let G be a group acting on a set X, and g\, g 2 two elements of G. If 
X\, X2 are disjoint subsets of X and for all n 7^ 0, % 7^ j, g™(Xj) C Xi, then the 
subgroup < gi, g 2 > is free of rank two. 

We will apply the Ping-Pong Lemma in the following setting. Let X be a CAT(0) 
space and gi, g 2 two hyperbolic isometries of X. Then there are geodesies C\ : R — > X, 
c 2 : R — > X and numbers a, b > with gi(ci(t)) — C\(t + a) and g 2 (c 2 (t)) = c 2 (t + b) 
for all t G R. Let 7Ti : X — > Ci(i?) and 7r 2 : X — > c 2 (R) be orthogonal projections 
onto the geodesies c x and c 2 respectively. Set X x = 7r 1 _1 (c 1 ((— 00, 0] U [a, 00))) and 
X 2 = 7T 2 _1 (c 2 ((— 00, 0] U [b, 00))). The following lemma is clear. 

Lemma 3.6. Let X , g±, g 2 , X\ and X 2 be as above. If X\ D X 2 = 0, i/ien i/ie 
conditions in the Ping-Pong Lemma are satisfied. In particular, < gi,g 2 > is free of 
rank two. 

3.3 Free Subgroup Criterion 

The following is the main result of Section El 

Theorem 3.7. Let X be a locally compact CAT(0) square complex. Suppose g\ and 
g 2 are two hyperbolic isometries of X such that for any £ G {<7i(+oo), g\{— 00)} and 
any 7] G {g 2 (+oo), g 2 {— oo)} ; there is a geodesic in X with £ andr] as endpoints. Then 
< gi, <?2 > contains a free group of rank two. 

Let c : J — > X be a geodesic defined on an interval I. Then for any p in the interior 
of c(I), the dp distance between the two directions of c at p is at least it. Recall d p is 
a path metric defined on the link Link(X,p), and in general the two directions of c 
at p may have d p distance larger than tt. 

Definition 3.8. A geodesic c : I — > X is an R-geodesic if for each point p in the 
interior of c(J), the c? p distance between the two directions of c at p is 7r. 

Lemma 3.9. With the assumptions of Theorem \3. 7| // at least one of g\, g 2 has an 
axis that is not an R-geodesic, then < gi,g 2 > contains a free group of rank two. 

Proof. Notice if a geodesic bounds a flat half-plane then it is an .R-geodesic. The 
assumption in the lemma implies at least one of gi, g 2 is a rank one isometry. Now 
the lemma follows from Corollary 13.31 

□ 

In light of Lemma 13.91 we will assume the axes of g\ and g 2 are i?-geodesics. 
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Lemma 3.10. Given any two R-geodesic rays c\ : [0, oo) — > X, c 2 '■ [0, oo) — > X, 
there is a number a > with the following property: if qi (i = 1,2) is a point in the 
interior of Ci, and p € X , p ^ qi, q<i such that 

(i) pqt Dpq 2 = {p}; 

(ii) pqi and pq 2 are R-geodesics; 

(iii) for each i — 1,2, at least one of the angles Z 9 .(p, Cj(0)) ; Z g .(p, Cj(oo)) is it/2; 
then Z p (qi, q 2 ) > a. 

Proof. We first notice that for each -R-geodesic c, there is a number a, < a < tt/A 
with the following property: if x, y G c with x ^ y and xy lies in some square 
S of X, then (logj. ($/) , £) takes value in {a, 7r/2 — a, 7r/2 + a, n — a} for any £ in 
Link(X, x) that is parallel to one of the edges of S 1 . Let at* (i = 1, 2) be such a number 
corresponding to q. Since pqi is also an .R-geodesic and at least one of the angles 
Z 9i (p, q(0)), Z 9i (p, q(oo)) is it/2, the number a, also corresponds to pqi. The fact 
pqi Hpq 2 = {p} implies /. p (qi, q 2 ) ^ 0. Now it is easy to see that Z p (gi, q 2 ) > |ai — a 2 \ 
when «i 7^ a 2 ; Z p (qi,q 2 ) > min{2ai,7r/2 — 2ct\} when < a\ = a 2 < it/A; and 
^p(Qii Q2) > tt/2 when a± = a 2 = or 7r/4. 

□ 

Lemma 3.11. Let £1,^2 G <9ooX and ci,c 2 : [0, 00) — * X be two rays belonging to £1 
and £2 respectively. Suppose there is a geodesic c in X with £1 and £ 2 as endpoints. 
Then for i^j, Z Ci(t) (ci(0), Cj(t)) -> as t -> 00. 

Proof. Since c is a geodesic in X with £1 and £2 as endpoints, there is a number e > 
such that Ci C iV e (c) (i = 1,2). The convexity of distance function implies for large 
enough t, there is a point p t G Ci(t)c 2 (t) with d(c(0),p t ) < e. Now the lemma follows 
by considering the triangle A(cj(t)cj(0)p t ). 

□ 

Let gi, g 2 be as in Theorem 13 . 71 and ci, c 2 axes of ai, g 2 respectively. By Lemma 
13.91 we may assume c 1; c 2 are i?-geodesics. Let 7Tj : X — > Ci(R) (i = 1,2) be the 
orthogonal projection onto q. If there is some T > such that 

Trr^ci^-oo, — T] U [T, 00))) n ^(^((-oo, — T] U [T, 00))) = 0, 

then for large enough n, a" and g% satisfy the condition in Lemma 13.61 and therefore 
generate a free group of rank two. We shall prove there is some T > such that 
7rf 1 (ci([T, 00))) fl 7T 2 _1 (c2([T, 00))) = 0, the other three cases are similar. 

Proposition 3.12. Let £1,^2 £ <9ooX ana 1 Ci,C2 : [0, 00) — > X be two rays belonging 
to £1 and £2 respectively. Suppose c\ and c 2 are R-geodesics and there is a geodesic 
c in X with £1 and £ 2 as endpoints. Then 7r 1 " 1 (ci([T, 00))) fl (c 2 ([T, 00))) = cf> for 
large enough T > 0, where iTi : X — > q([0, 00)) is £ne orthogonal projection onto C{. 
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Proof. Since c\ and c 2 are i?-geodesics, there is a number a > with the property 
stated in Lemma 13.101 By LemmaEHU there is T > with Z Cl ( f )(ci(0), c 2 (t)) < a/3 
and Z C2 ( t )(c2(0), ci(t)) < a/3 for all t>T. 

Suppose there exists t > T with 7r ] ~ 1 (ci([t, oo))) PI 7r 2 _1 (c 2 ([t, oo))) ^ </>. We will 
derive a contradiction from this. Pick p G 7Tf 1 (ci([t, oo))) fl 7r«f (c 2 ([i, oo))) and set 
Qi = 7i"i(p) = 1,2). Let a 2 : [0,5 2 ] — * X be the geodesic segment from p to 
Consider : o 2 — > ci and let £2 = max{£ G [0, 6 2 ] : 7ri(cr 2 (£)) = q{\. Then the 

geodesic giO"2(t 2 ) is an i?-geodesic and at least one of the angles Z 3l (ci(0), a 2 (t 2 )), 
Z 9l (ci (00), (72(^2)) is 7r /2- By replacing p with cr 2 (t 2 ), we may assume pq\ is an R- 
geodesic and at least one of the angles Z 9l (ci(0),p), Z 91 (ci(oo),p) is tt/2. Similarly 
we may assume pg 2 is an i?-geodesic and at least one of the angles Z g2 (c 2 (0),p), 
Z 92 (c 2 (cx3),p) is 7r/2. In general pq\ and pg2 share an initial segment: pq± flpg 2 = w' ■ 
By replacing p with p' if necessary we may assume pq\f\pq2 = {p}- Now the conditions 
in Lemma 13.101 are satisfied and so Z p (q 1 ,q 2 ) > a. 

Consider the triangle A(pqiq 2 ). Since q\ = 7fi(p), Z 9l (p, ci(0)) > ir/2. It follows 
that Z qi (p,q 2 ) > Z qi (p,Ci(Q)) - Z. qi (q 2 , ci(0)) > tt/2 - a/3. Similarly Z^p,^) > 
tt/2 - a/3. Now Z qi (p,q 2 ) + A q2 {p,q x ) + /L p {q x ,q 2 ) > 2(tt/2 - a/3) + a > vr, a 
contradiction. 

□ 

The proof of Theorem 13.71 is now complete. 
4 ^-Visibility 

Let X be a locally compact CAT(0) space and £,1] G dxX. If there is a geodesic in 
X with £ and 77 as endpoints, then ^(^r]) > 7r. For the converse, Proposition I2.ll 
says if cIt{!;,i]) > tt then there is a geodesic in X with £ and 7/ as endpoints. Our 
main objective in this section fTheorem l4.9|) is to provide a sufficient condition for the 
existence of a geodesic with £ and rj as endpoints when X is a Cv4T(0) 2-complex and 
dri^v) = 71 ■ We shall also collect some facts about the Tits boundary of CAT(0) 
square complexes. 

4.1 Tits Boundary of CAT(0) 2-Complexes 

In this section we recall some facts about the Tits boundary of CAT(0) 2-complexes. 
The definition of a CAT(0) 2-complex is given in Section 12.11 A sector in the Eu- 
clidean plane is a closed convex subset whose boundary is the union of two rays 
starting from the origin. A flat sector S in a CAT(0) space X is the image of an iso- 
metric embedding from a sector in the Euclidean plane into X. The inclusion S C X 
clearly induces an isometric embedding drS C OtX. The following is a theorem from 
|X2j adapted to our setting, which says that away from the endpoints, a segment in 
the Tits boundary is the ideal boundary of a flat sector. 
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Theorem 4.1. ( |X2j ) Let X be a CAT(0) 2-complex that admits a proper, cocompact 
action by cellular isometries. Suppose 7 : [0, h] — > OtX is a geodesic segment in the 
Tits boundary of X with length h < ir. Then for any e > ; there exists a flat sector 
S in X with drS = j([e, h — e]). 

We also need the following result concerning rays and flat sectors in a CAT(0) 
2-complex. 

Proposition 4.2. ( |X2j ) Let X be a CAT(0) 2-complex that admits a proper, co- 
compact action by cellular isometries. Suppose S C X is a flat sector and c C X is 
a ray. If S D c = and c represents an interior point of 8tS , then there is a ray 
(/cSfl X' 1 ' asymptotic to c, where X^ is the 1-skeleton of X . 

Let B be the set {(x, y) £ E 2 : x > 0, < y < 1} with the obvious square complex 
structure. A flat half-strip in a CAT(0) square complex X is the image of a cellular 
isometric embedding from B into X. 

Definition 4.3. Let A be a CAT(0) square complex. A point £ £ OtX is a singular 
point if there is a flat half-strip in X such that the rays contained in the flat half-strip 
belong to £. A point £ £ 8tX is called a regular point if it is not a singular point but 
lies in the interior of some geodesic segment in OtX. 

Lemma 4.4. Let X be a CAT(0) square complex that admits a proper, cocompact 
action by cellular isometries, and a C OtX a geodesic with length strictly greater than 
7r/2. Then there exists a singular point in the interior of a. 

Proof. We may assume tt/2 < length(o~) < tt. By Theorem 14. II there is a flat sector 
S such that drS C a has length strictly greater than ir/2. Since S (away from the 
boundary) is tessellated by squares, it is easy to see that there is a singular point in 
the interior of d^S. 

□ 

Lemma 4.5. Let X be a CAT(0) square complex that admits a proper, cocompact 
action by cellular isometries, and £,77 £ OtX with dri^-iV) < ir/2. Then there is at 
most one singular point in the interior of^rj. 

Proof. Suppose there are two singular points £1 and £2 in the interior of £77. Theorem 
I4.1l implies there exists a flat sector S such that £1 and £2 lie in the interior of drS and 
length(dTS) < ir/2. Since £1 and £2 are singular points, there are two flat half-strips 
Bi and B 2 and two rays q C Bi, C2 C B 2 asymptotic to £1 and £2 respectively. If 
Ci PI S 7^ 4>, then a subray of C\ is contained in S and it follows £1 is represented by 
a ray contained in S D X^\ where X^- 1 ' is the 1-skeleton of X. If c\ D 5" = 0, then 
Proposition 14.21 implies also that £1 is represented by a ray contained in S fl A* 1 ). So 
in any case £1 is represented by a ray contained in Sd X^\ Similarly £ 2 is represented 
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by a ray contained in S D We clearly have a contradiction here since £1 7^ £2 

and the length of drS is strictly less than n/2. 

□ 

Recall (see |X2j ) if X is a CAT(O) 2-complex that admits an isometric cocompact 
action, then for any £ G <9^X and any r : < r < ~, the metric ball £?(£, r) is an 
i?-tree. It is necessary to distinguish those points in drX that are "dead ends" . 

Definition 4.6. Let X be a CAT(O) 2-complex and £ G <9tX. We say £ is a terminal 
point if £ does not lie in the interior of any geodesic segment in OtX. 

Lemmas 14.41 and 14.51 easily imply the following proposition. 

Proposition 4.7. Let X be a CAT(0) square complex that admits a proper, cocompact 
action by cellular isometries, and a : [0, 1] — > drX be a geodesic segment with length 
I > 7r/2. If o~(0) and o~(l) are not terminal points, then there are numbers < t\ < 
t 2 < ■ ■ ■ < t n < I with the following properties: 

(i) t\ < tt/2, I — t n < 7r/2 and ti + i = t{ + it/2 for 1 < % < n — 1; 

(ii) {cr(ti), • • • , o~(t n )} is the set of singular points on a. 

In particular, if £,rj G OtX are singular but not terminal points and ^(£,77) < 00, 
then (It is an integral multiple of n/2. 

Notice Proposition 14.71 implies the length of any simple closed geodesic in OtX is 
an integral multiple of tt/2. 

Since small metric balls in dxX are i?-trees, it makes sense to talk about branch 
points in OtX. By using Theorem 14.11 it is not hard to prove the following result: 

Proposition 4.8. ( |X2j ) Let X be a CAT(0) square complex that admits a proper, 
cocompact action by cellular isometries. Then any branch point in drX is a singular 
point. 

4.2 7r- Visibility 

Let X be a locally compact CAT if)) space and £, r\ G dxX with o?t(£, v) = n - K there 
is a geodesic c in X with £ and 77 as endpoints, then c bounds a flat half-plane (see 
BH ). In general, there is no geodesic in X with £ and rj as endpoints. 

Theorem 4.9. Let X be a CAT(0) 2-complex that admits a proper, cocompact action 
by cellular isometries. If £,77 G OtX are not terminal points and ^(£,77) > tt, then 
there is a geodesic in X with £ and 77 as endpoints. 

Proof. By Proposition 12.11 we may assume ^(£,77) = ir. Let a : [0, tt] — > <9tX be a 
minimal geodesic from £ to 77. Since £, 77 G <9tX are not terminal points and small 
metric balls in OtX are i?-trees, there is some e, 0<e<7r/4 such that a extends to 
a locally isometric map [— e, it + e] — > dxX, which is still denoted by a. 
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Notice <7i r_ £)7r / 2 + e ] is a minimal geodesic in <9tX with length less than ir. By 
Theorem 14.11 there is a flat sector S\ in X such that <9t£l = <r([— e/2,7r/2 + e/2]). 
Similarly there is a flat sector £2 i n with <9t£2 = er([7r/2 — e/2, 7T+e/2]). Since X is a 
2-complex and dTSir\drS 2 = a([n/2 — e/2, n/2 + e/2]) is a nontrivial interval, we have 
Sif! £2 7^ 4>. Pick s G S\C\S 2 and let £ C £ifl£ 2 be the subsector with cone point x and 
OtS = cr([7r/2 — e/2, 7r/2 + e/2]). Fix a point p in the interior of the flat sector £, and 
let C\, C2, C3 be rays starting from p belonging to cr(0), a(n) and cr(7r/2) respectively. 
Since C\ and c 3 are contained in the flat sector £ 1; Z p (ci(oo), c 3 (oo)) = ir/2. Similarly 
Z p (c 2 (oo), c 3 (oo)) = 7r/2. Since the initial segment of each c, is contained in the flat 
sector £, it is clear that the angle Z p (ci(oo), 02(00)) = n. It follows that c\ U c 2 is a 
complete geodesic in X with endpoints £ and 77. 

□ 

Remark 4.10. 27ie conclusion of Theorem \4-9j does not hold if X is not a CAT(0) 
2-complex. For instance, the universal covers of nonpositively curved 3- dimensional 
graph manifolds (\Bty . \CK$ ) are counterexamples. 

5 Fake Planes and Short Loops in the Tits Boundary 

The goal of this section is to prove Proposition 15.91 which provides a criterion for the 
existence of a simple geodesic loop with length ^ in the Tits boundary of a CATifi) 
square complex. This result shall be used in Sections |H1 and 

5.1 Support Sets of Short Closed Geodesies in dxX 

Let X be a CAT(0) 2-complex and x G X. There is a map log^. : <9tX — > Link(X, x) 
that sends £ G dxX to the tangent vector of x£ at x. Clearly log^. is distance nonin- 
creasing: ^(log^), log^r?)) < d T (£,r]) for any £,77 G d T X. 

Definition 5.1. Let X be a CAT(0) 2-complex and c C dxX a simple closed geodesic 
in drX. The support set supp(c) C X of c is defined as follows: x G supp(c) if the 
loop log x (c) represents a nontrivial class in Hi(Link(X , x)) . 

Recall C r (c) denotes the Euclidean cone over c with radius r > ( Section I2.1J) . 
Since c is a circle, C r (c) is homeomorphic to the closed unit disk in the plane. Let 
dC r (c) be the boundary circle of C r (c). For any x G X and any r > 0, the map 
f x ,r ■ C r (c) — ► X is defined by f x , r (t£,) = 7^(t), £ G c, < t < r. Clearly f x>r 
represents a class in H 2 (X,X — {x}). By using homotopy along geodesic segments 
it is easy to see that for any r, r' > 0, the two maps f X)T and f x y represent the same 
class in H 2 {X,X - {x}), that is, [/ Xjr ] = [f x y] G H 2 {X,X - {x}). 

Lemma 5.2. Let X be a locally compact CAT(0) 2-complex, x G X an<i c C <9tX 
a simple closed geodesic in OtX. Then x G supp(c) if and only if f x>r represents a 
nontrivial class in H 2 (X,X — {x}) for any r > 0. 
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Proof. Since X is locally compact and piecewise Euclidean, for each iGl and each 
r > there is some r' with < r' < r such that the closed metric ball B(x,r') is 
isometric to the Euclidean cone C r '(Link(X,x)) over Link(X,x) with radius r'. By 
the remark before the lemma, [f x ,r] — [fx,r'\ £ H 2 (X,X — {x}). 

Set B = B(x,r'). The exact sequence of the pair (B,B — {x}) gives us an 
isomorphism d : H 2 (B,B - {x}) -> - {x}). Note ^(S - {x}) = H^dB) 

and the map log x : dB — > Link(X,x) which sends ?/ to the direction of xy at x is a 
homeomorphism. Now observe that d sends [f x ,r'\ £ H 2 (X, X— {x}) = H 2 (B, B—{x}) 
to [log^c)] G Hi{Link{X, x)) = H^dB) Hi(B - {x}). 

□ 

Lemma 5.3. If a simple closed geodesic c in dxX has length strictly less than Att and 
x G supp(c), then log a .(c) is homotopic to a simple closed geodesic in Link(X,x). 

Proof. Note Link(X, x) is a finite metric graph where each simple loop has length at 
least 27r. The loop log x .(c) is homotopic to a closed geodesic c x in Link(X,x) whose 
length does not exceed the length of log a ,(c). If c x is not simple, then its length must 
be at least Air. The lemma follows. 

□ 

Let c be a simple closed geodesic in BtX with length strictly less than 4ir and 
x G supp(c). By Lemma E311og x (c) is homotopic to a simple loop c x in Link(X,x). 
For each x G supp(c), let S(x) be the union of all closed 2-cells of X that give rise 
to c x . Since c x is a simple loop, S(x) is homeomorphic to the closed unit disk in the 
Euclidean plane. 

Lemma 5.4. Let c C 8tX be a simple closed geodesic with length(c) < Att. Then 
for each x G supp(c), there is some r > with supp(c) fl B(x, r) = S(x) D B(x, r). 

Proof. For s G supp(c), choose r x such that B(x,r x ) is isometric to the Euclidean 
cone C rx (Link(X,x)) over Link(X,x) with radius r x . Set = B(x,r x /2). Notice 
f X)1 . x represents a class in H 2 (X,X — K). By Lemma E31 log x ( c ) is homotopic to a 
simple closed geodesic in Link(X, x). It then follows from the definitions of S(x) and 
f Xtra that [f x>rx ] = [S(x) n r a )] G £T a (X, X - If). 

For any y G B(x,r x /4:), by using homotopy along geodesic segments we see f y ^ x 
and f Xi r x as maps from (C ra .(c), dC Tx {c)) into the pair (X, X — K ) are homotopic. As 
a result, [/y, r J = [fx,r x ] £ H 2 (X,X — if). Combining with the observation from last 
paragraph we see [f y ,r x ] = [S(x) fl 5(a;,r x )] G H 2 (X,X — K). It follows that for any 
y G B(x,r x /4:), f y>rx represents a nontrivial class in H 2 (X,X — {y}) if and only if 
S(x)nB(x,r x ) represents a nontrivial class in H 2 (X, X — {y}). Recall S(x)nB(x,r x ) 
is homeomorphic to the closed unit disk in the Euclidean plane. Now it follows 
easily from excision that for any y G B(x,r x /4), f y ^ x represents a nontrivial class in 
H 2 (X, X - {y}) if and only if y G B(x, r x /A) n {s(x)n~B(x, r x )) = S(x) n~B(x, r x /A). 

□ 
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A similar argument shows the complement of supp(c) in A is open: 

Lemma 5.5. Let c C OtX be a simple closed geodesic in OtX with length strictly 
less than An. Then supp(c) is a closed subset of X . 

Proposition 5.6. Let X be a locally compact CAT(0) square complex and c C OtX 
a simple closed geodesic in OtX with length at most 2.5ir. Then supp(c) is a closed 
convex subset of X and is homeomorphic to the plane. 

Proof. Lemma 15.41 implies supp(c) is a 2-dimensional manifold. We claim supp(c) is 
locally convex in X. Fix x G supp(c) and let c x be the simple loop in Link(X,x) 
homotopic to \og x (c). Let r > be the number from Lemma 15.41 In particular 
B(x,r) is isometric to the Euclidean cone C r (Link(X,x)) over the link Link(X,x) 
with radius r. We write a point P G C r (Link(X,x)) as P = where < t < r 
and £ G Link(X,x). Lemma 15.41 implies supp(c) D B(x,r) C B(x,r) is isometric to 
{££ : < t < r,£ G c x } C C r (Link(X , x)) . We need to show {t£ : < t < r, £ G c x } 
is convex in C r (Link(X,x)). 

Let A C Link(X,x) be a subset. Then it is not hard to check that the subset 
{t£, '■ < t < r, £ G A} is convex in C r (Link(X, x)) if and only if for any a, 6 G A with 
d x (a,b) < it, A contains the minimal geodesic ah in Link(X,x) from a to b. Since 
A is a Cv4T(0) square complex and the length of c is at most 2.5n, c x has length 27T 
or 2. 57r. Now it is easy to check that for any a,b G c x with d x (a, b) < 7T, c x contains 
the minimal geodesic afr in Link(X, x) from a to b. It follows that supp(c) is locally 
convex in A. Since supp(c) is also closed, it is convex in A. Therefore with the 
induced metric, supp(c) is a CMT(O) space. In particular supp(c) is contractible. As 
a contractible surface supp(c) is homeomorphic to the plane. 

□ 

Let A and c be as in Proposition 15.61 Then supp(c) is a subcomplex of A. If 
we equip supp(c) with the path metric, then supp(c) is a CAT(0) square complex 
and the inclusion supp(c) C A is an isometric embedding. It follows that d^supplc) 
naturally embeds into d^X. We identify 9 OC) SMpp(c) with its embedding in d^X. 

Lemma 5.7. Let X be a locally compact CAT(0) square complex and c C OtX a 
simple closed geodesic in OtX with length at most 2.57T. Then d oa supp{c) = c. 

Proof. We first show dooSupp^c) C c. Fix a point p G supp(c) and let £ G dooSupp^c). 
We need to show £ G c. Since c is a closed subset of d^X it suffices to show that for 
any t > there is some 77 G c with 7 p f(t) G pr?. 

Suppose there is some t such that 7 p ^(to) ^ Wl f° r an Y ?7 G c. Let g = 7 p ^(to) 
and A = B(p,2t ). The proof of Lemma I5~4l shows that / Pj 4t and f q ^t represent 
the same class in H 2 (X, X - K). Let i„ : H 2 (X,X - K) -> H 2 (X, X — {q}) be the 
homomorphism induced by the inclusion. The assumption q ^ pn for any 77 G c implies 
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q does not lie in the image of f Pt u and thus i*([fp,u ]) = G H 2 (X, X—{q}). It follows 
that i*([f q ,4t ]) = G H 2 (X,X — {q}), which implies q ^ supp(c), a contradiction. 

supp(c) is a CAT(0) square complex and is homeomorphic to the plane. It fol- 
lows from |KUj that d^supp^) is homeomorphic to a circle. Now it is clear that 
dooSuppi^c) = c since d^supp^) is a circle embedded in the circle c. 

□ 

5.2 Fake Planes 

The standard quarter plane is the first quadrant {(x, y) G E 2 : x > 0, y > 0} with 
the obvious square complex structure. A quarter plane in a CAT(0) square complex 
X is the image of a cellular embedding from the standard quarter plane into X. The 
image of the origin is called the cone point of the quarter plane. The Euclidean plane 
clearly is the union of four quarter planes with a common cone point. 

Definition 5.8. Let X be a CAT(0) square complex. A subcomplex of X is a fake 
plane if it is homeomorphic to the Euclidean plane and is the union of five quarter 
planes with the same cone point and disjoint interiors. 

It follows from the proof of Proposition 15.61 that a fake plane in a CAT(0) square 
complex is convex. It is also clear if F' is a fake plane then drF' C OtX is a simple 
closed geodesic with length 2.57T. 

Proposition 5.9. Let X be a CAT(0) square complex. Then there exists a simple 
closed geodesic with length ^- in 8tX if and only if there exists a fake plane in X. 

Proof. One direction is clear. Let c C dxX be a simple closed geodesic with length 
Y- and supp(c) C X its support set. We shall prove that supp(c) is a fake plane. 

By Proposition 15.61 and Lemma 15.71 supp(c) is a closed convex subset of X with 
dooSupp(c) = c. It follows that the embedding dooSupp(c) C d^X is an isometric 
embedding in the angular metric. Since c is a geodesic in dj<X, dTSupp(c) is also a 
geodesic in the Tits metric. Therefore dTSupp(c) has length 2.5tt. 

Now supp(c) is a piecewise Euclidean CAT(0) 2-complex which is homeomorphic 
to the plane. It follows from |KUj that the difference 2tt — length(dTSupp(c)) equals 
the total curvature on supp(c). Since supp(c) is a square complex, 2-cells are flat, 
edges are geodesies and only vertices can contribute to curvature. Notice each vertex 
contributes either or at most — tt/2. Since 2n — length(dTSupp(c)) = —n/2, we 
see there is exactly one vertex v G supp(c) such that there are 5 squares in supp(c) 
incident to v. At every other vertex v' of supp(c) there are exactly 4 squares incident 
to v'. Now it is easy to see that supp(c) is a fake plane. 

□ 
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If F' is a fake plane in a CAT(0) square complex X and x G F' is the common 
cone point of its five quarter planes, then Link(F',x) C Link(X,x) is a simple loop 
consisting of 5 edges. The following corollary provides a practical sufficient condition 
for the nonexistence of simple closed geodesic with length 2.5n in dpX, especially 
when X admits a cocompact action. 

Corollary 5.10. Let X be a CAT(0) square complex. If no vertex link of X contains 
a simple loop consisting of 5 edges, then there is no simple closed geodesic with length 
2.57T in OtX . 

6 Groups Containing Generic Elements 

Let X be a CAT{fS) square complex, G a group acting properly and cocompactly by 
cellular isometries on X and H < G a subgroup of G. Our goal in Sections El and 
[7| is to prove Theorem 11.11 In this section we consider the case when the group H 
contains generic elements. The main result of this section is Theorem 16.41 

6.1 Parallel Set and Generic Elements 

Let g be a hyperbolic isometry of X, and P g = Y x R its parallel set. Since X is a 
2-complex, Y is a tree. 

Lemma 6.1. Let g G G be a hyperbolic isometry of X , and P g = Y x R its parallel 
set. Then the number of ends of the tree Y is one of the following: 0, 2, oo. 

Proof. Notice g(P g ) = P g and g\p = (g±, T) :YxR^YxR where g\ is an isometry 
of Y and T is a translation of R. Suppose the number of ends of Y is finite. Then there 
is an integer n such that g™ fixes all the ends of Y. It follows that Min(g n ) —Y'xR, 
where Y' C Y contains the core of Y (the core of Y is the union of all geodesies 
between the ends of Y). Y' has the same number of ends as Y. By Theorem 12. 5| 
C g n(G) leaves Min(g n ) invariant and acts on Min(g n ) properly and cocompactly. It 
follows that C g n(G)/ < g n > acts properly and cocompactly on Y' . Thus the number 
of ends of Y' equals the number of ends of the group C g n{G)/ < g n >, which takes 
the values 0, 1, 2 or oo. It can not be 1 since any one-ended tree does not admit any 
proper and cocompact group action. □ 

We notice g is of rank one if and only if Y has ends. 

Theorem 6.2. Let X be a CAT(0) square complex, G a group acting properly and 
cocompactly by cellular isometries on X, and g±,g 2 G G two hyperbolic isometries. If 
drfav) > 7T for any £ G {0i(+oo),fll(-oo)} and any r] G {g 2 {+oo), g 2 {-oo)}, then 
the subgroup generated by gi and g 2 contains a free group of rank two. 
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Proof. If one of g±, g% is of rank one, then the theorem follows from Corollary 13.41 
Assume none of gi, g-i is of rank one. Then by Lemma 16.11 the four points gi(+oo), 
gx{— oo), ^(+00), g2{—oo) are not terminal points and the theorem follows from 
Theorems 13.71 and 14.91 

□ 

Recall a flat in a CAT(0) 2-complex is the image of an isometric embedding from 
the Euclidean plane into the CAT(0) 2-complex. 

Definition 6.3. Let g be a hyperbolic isometry of X and P g = Y x R its parallel 
set. We call g a generic element if P g is a flat and the axes of g are not parallel to 
any edges in P g . We say g is a special element if g is neither generic nor of rank one. 

By Lemma l6~Tl we see if g is a special element, then g(+oo) and g{— oo) are singular 
points in dyX. 

By Proposition 14.71 there are exactly four singular points on each unit circle in 
OtX. These four singular points are evenly spaced on the circle. For a generic element 
g, set a g = mm{dT{g{+oo), s) : s G 0tP 9 is a singular point}. Clearly < a g < 7r/4. 
Now we are ready to state the main theorem of Section |U1 

Theorem 6.4. With the assumptions of Theorem \l.l\ If a subgroup H of G contains 
a generic element, then H either is virtually free abelian or contains a free group of 
rank two. 

Remark 6.5. Theorem 16.41 holds without assuming there is no fake plane in X. The 
proof in the general case is similar but longer. 

The proof of Theorem 16.41 shall be completed in the next two sections. We first 
need to look at the relative position of the parallel sets of two generic elements. 

Lemma 6.6. Let h G H be a generic element. If k(dTPh) = drPh for all k G H , 
then the group H is virtually free abelian. 

Proof. By a theorem of Leeb (jLj), F — > OtF is a 1-1 correspondence between the 
set of flats in X and the set of unit circles in OtX. Thus k(dTPh) — dxPh implies 
k(Ph) = Ph- It follows that the flat P^ is invariant under the action of H and the 
lemma follows from Bieberbach's theorem. 

□ 

Lemma 6.7. Let h,k G H be generic elements. Then one of the following holds: 

(i) OtPh = drPk,' in this case < h,k > is virtually free abelian; 

(ii) d T P h n d T P k = 0; 

(iii) drPh 7^ drPk and dxPh H drPk ^ 4>; in this case < h 2 , k 2 > is free of rank two. 
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Proof. If drPh = drPk, then Ph = Pk and both h and k leave invariant the flat 
Ph = Pk- It follows from Bieberbach's theorem that < h, k > is virtually free abelian. 
Now suppose drPh 7^ dxPk and &rPh H dxPk ^ <$>■ Then for some e > 0, the 
intersection N e (Ph) D N e (Pk) is nonempty and unbounded. Notice Min{h 2 ) = Ph 
and Min(k 2 ) = Pk- By Theorem 12.51 Ctf(G) leaves invariant Ph and acts on P^ 
properly and cocompactly. Similarly for C^{G) and P&. By Theorem 12.41 the group 
Cft2(G) fl Cfc2(G) acts properly and cocompactly on N 6 (Ph) PI N e (Pk). Since the set 
N e (P h ) PI N e (P k ) is unbounded, a theorem of E. Swenson ( jSwj ) implies there exists 
a hyperbolic isometry g G Ch^{G) D C^iG). Then both /i 2 and fc 2 commute with g 
and leave P ff invariant. P 9 splits P g = Y x R where K is a tree. Since /i 2 and k 2 
are generic elements and drPh ^ drPk-, the axes of h 2 and fc 2 are not parallel to the 
axes of g. It follows that there are geodesies c\ y c-i C Y such that Ph = c\ x P and 
Pfc — C2 x P. <9tP/i 7^ c^tPa,. implies Ci and C2 share at most one end. If c\ and C2 share 
exactly one end, then Ph fl P^ is a flat half-plane. On the other hand by Theorem 
12.41 the group C^{G) fl C^{G) acts cocompactly on Pi fl Pk- This is a contradiction 
since no group acts cocompactly on a flat half-plane. Therefore c\ and C2 share no 
end. In this case it is easy to see < h 2 , k 2 > is free of rank two by looking at the 
induced actions of h 2 and k 2 on Y. 

□ 

6.2 When the Minimal Set Contains Singular Points 

We prove Theorem 16.41 in this section and Section 1531 

We assume H neither is virtually free abelian nor contains a free group of rank two 
and will derive a contradiction from this. By Corollary 13.41 we conclude H contains 
no rank one isometries. Let A(H) C d^X be the limit set of H and M C A(P) 
a minimal set of H. Theorem 12.71 implies c/t(£> m) — n for any £ G A(P) and any 
m G M. In particular, dr(m, gr(+oo)) < 7r, dr(m, gr(— oo)) < 7r for any hyperbolic 
isometry g E H and any m G M (since gr(+oo), <?(— oo) G A(P)). 

Since M is closed and P-invariant, Theorem 12.21 implies for any hyperbolic isom- 
etry g E H, M C\ dxPg 7^ 0. By last paragraph g is not a rank one isometry. Lemma 
16.11 implies a point in dxP g D M fl 9tP 9 is either singular or regular. 

Let h G H be a generic element. By Lemma 16.61 there is some k G H such that 
k(dTPh) 7^ dxPh- Let ft/ = khk~ x . Then h,h' £ H are two generic elements with 
<9tPi 7^ dxPh'- By Lemma iniH <9tP/i PI <9tP/i' = 0- Also notice = a^- 

In this section we prove Theorem 16.41 when the minimal set M contains singular 
points: 

Proposition 6.8. Theorem \b'.4\ holds if there is a generic element h G H such that 
M fl drPho contains a singular point. 

Suppose h G H is a generic element and s G M — drPh is a singular point but 
not a terminal point. Then d T {h{— oo), s) < ir. Since h(—oo) is a regular point 
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and s is a singular point Proposition 14.71 implies d,T{h(— oo), s) < tc and there is at 
most one singular point in the interior of the geodesic segment h(—oo)s. On the 
other hand, since s OtPh there is some £ in the interior of h(—oo)s such that 
h{—oo)s PI <9:rPfr = h(—oo)C,. £ is a branch point, and by Proposition 14.81 it is also a 
singular point. Notice c£r(£, s) = 7r/2. 

Lemma 6.9. Suppose h & H is a generic element, s G M — dxPh is a singular 
point but not a terminal point and £ is the unique singular point in the interior of 
h(—oo)s. Denote by rj the unique point on dxPh with dxijj, h(—oo)) = d T (s, h(—oo)) 
and dxirj, £) = tt/2. Then rj G M and is a singular point. Similarly, if £' is the 
unique singular point in the interior of h(+oo)s and rj is the unique point on dxPh 
with dT{rj' , h(+oo)) = dr{s, /t(+oo)) and driv'i^') = n /2- Then rj G M and is a 
singular point. 

Proof. We prove the claim on rj, the proof for rj is similar. By Proposition 14. 71 is a 
singular point. By replacing h with h 2 if necessary we may assume Min(h) = Ph- In 
particular h(£) = £. Let s' G dooX be an accumulation point (in the cone topology) 
of the set {h l (s) : i > 1}. We see s' G M since s G M and M is if-invariant and 
closed. Notice dr(h(— oo), s) = Zy(/i(— oo), s) since oo), s) < 7r (Proposition 

12. 1)1 . By Theorem 12 .21 we have s' G c^-P^ and dr{h{— oo), s') = dr{h{— oo), s). On the 
other hand, = £ and a subsequence of {/i l (s) : i > 1} converges to s' in the cone 
topology. Proposition 12. lf iii) implies dries') < dr(£,s) = 7r/2. It now follows that 
g?t(£, s') = 7r/2, that is s' = rj. 

□ 

Lemma 16.91 and the assumption in Proposition 16.81 imply for any generic element 
h G H, drPh H M contains a singular point. 

Lemma 6.10. Let h G H be a generic element, and s G M — dxPh a, singular but not 
a terminal point. Let £i ; £ 2 be the unique singular points in the interior of sh(+oo) 
and sh(-oo) respectively. Then sh(+oo) fl sh(—oo) = {s} and dxi^i,^) — 71 ■ 

Proof. Suppose sh(+oo) fl sh(— 00) = s£ is a nontrivial segment. Then £ is a 
singular point since it is a branch point. Proposition 14.71 implies dx{s, £) = 7r/2. 
Since g?t(s, /i(+oo)) < 7r and dr(s, h(— 00)) < tt, we have g?t(£, /i(+oo)) < 7r/2 and 
^r(£> h(— 00)) < tt/2. It follows that dr(/i(+oo), /i(— 00)) < tt, a contradiction. 

By the paragraph preceding LemmaEIHl £1,^2 G &rP^. If (^(£1,62) = 7r /2, then 
^isUs^U^i is a simple closed geodesic with length 1.57T in the CAT(1) space &rX, 
a contradiction. 

□ 

Now we can complete the proof of Proposition 16.81 
Proof of Proposition 16.81 There are two generic elements h,k G H such that 
drPh H d T Pk = and = a^. After replacing ft, and k with ft 2 and fc 2 if necessary 
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we may assume Min(h) = Ph and Min(k) = Pk- By Theorem 12 . 21 the fixed point sets 
of h and k in dooX are drPh and drPk respectively 

Let 773 G be a singular point, and £i, £2 be singular points in the interior 

of 00)773 and ^(+00)773 respectively. Then £ 1; £ 2 G <9t-P/i- Lemma 16.101 implies 
o?t(Ci5^2) = Tf- By Lemma lb~§l the other two singular points (denoted by 771, r/ 2 ) on 
9t-P/i be in M. Let £ 3 , £4 be the two singular points on dxPk that have distance n/2 
from 773, and 774 the singular point on drPk with (^(773,774) = 7T. Since by assumption 
there is no fake plane in X, Proposition 15.91 implies there is no simple closed geodesic 
with length 2.5tc in OtX. Of course there is also no simple closed geodesic with 
length 1.57T in the CAT(1) space 8tX. By considering the unique singular points 
in the interior of the geodesic segments from fc(+oo) and k(— 00) to rji (i = 1,2), 
we see driVi^j) = 7r /2 for i = 1,2 and j = 3,4. Now Lemma IB31 applied to the 
generic element k or k~ l and singular point 7/1 G M — c^T-Pfe implies 774 G M. Again 
by considering the unique singular points in the interior of /i(+oo)r/4 and ^(—00)774, 
we conclude o?T(£j, 77,,) = ix/2 for any 7, j G {1,2,3,4}. 

We may assume dr {k(+ 00), rj^) < n/2 by replacing k with k' 1 if necessary. Note 
the choice of £2 implies dT(h(+oo), £2) < 7r /2. If g?t(M+ 00 )> £2) + ^t(^3, fc(+oo)) = 
tt/2, then it is easy to check that dri^rj) = n for any £ G {/i(+oo), 00)} and any 
77 G {fc(+oo), k(— 00)}. Now Theorem 16 . 21 implies that < h,k > contains a free group 
of rank two. 

If dr(/i(+oo), £2) + d-T(V3y k(+oo)) 7^ 7r/2, we consider hkh~ x and fc instead of 
h and fc. Notice d T P hkh -i = h(d T P k ) ^ d T P k . If d T P hkh -i n d T P k ^ 0, then by 
Lemma lb. 71 < hkh~ l , k > contains a free group of rank two and we are done. Assume 
d T Phkh-^d T Pk = 4>- Since ^(^,£3) = d T (r)i, ^(£3)) = tt/2, we see d T (£ 3 , /i(£ 3 )) = 7r. 
The argument on ft, and fc shows that dr(£i, h(r)j)) = dr{h(^i),rjj) = 7r/2 for any 
i,j G {3,4}. Notice now we have d T {hkh~ l (+oc) , ^(£4)) + 0^(773, fc(+oo)) = 7r/2. 
Now it is easy to see ^(£,77) = tt for any £ G {/i£;/i _1 (+oo), hkh~ l (— 00)} and any 
77 G {A;(+oo),&;(— 00)} and Theorem 16.21 completes the proof. 

□ 

6.3 When the Minimal Set Contains Regular Points 

In this section we prove Theorem 16.41 when the minimal set M contains regular points: 

Proposition 6.11. Theorem \b\J\ holds if there is a generic element h G H such that 
M H dxPh contains a regular point. 

We notice Theorem 16.41 follows from Propositions 16.81 and 16.111 
The proof of Proposition 16.111 is similar to that of Proposition 16.81 We assume 
H neither is virtually free abelian nor contains a free group of rank two and will 
derive a contradiction from this. As in Section 16.21 we see: there are two generic 
elements h,k G H such that BtPh H drPk = <fi an d cth = ot k ] dr^m, g(+oo)) < n and 
cfy(m, g{— 00)) < 77 for any hyperbolic isometry g G H and any m G M. 
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Lemma 6.12. Let h £ H be a generic element and si,S2 ^ drPh singular but not 
terminal points with dr{sx, S2) = ir/2. Let £ G {M+°°)> M — °°)} anc ^ s 35 s 4 ^ e ^ wc ' 
singular points on dxPh that have distance less than ir/2 from £o- ^f^n £ M Zzes m t/ie 
interior of S1S2, then there are £ £ {53, S4} and 77 £ {si, s 2 } suc/i i/iai c?t(^, ??) = tt/2. 

Proof. We have dr^o^m) < tt by the paragraph preceding the lemma. Let a be a 
minimal geodesic from m to £o- Since any branch point is a singular point, there are 
£ £ {s 3 , s 4 } and 77 £ {si, s 2 } such that £ and 77 lie in the interior of ex. Clearly £ 7^ 77. 
On the other hand, g?t(^, £0) < tt and Proposition 14.71 imply there are at most two 
singular points in the interior of a. Therefore o?t(£,^) = 7r/2. 

□ 

Lemma 6.13. Let h £ H be an arbitrary generic element, £ = h(+oo) or h(—oo), 
and Si, S2 the two singular points on dxPh with dx{£, s$) < 7r/2. Then the interior of 
S1S2 contains a point of the minimal set M . 

Proof. We may assume Min(h) = Ph by replacing h with h 2 if necessary. Since 
we assume H neither is virtually free abelian nor contains a free group of rank two, 
Lemmas 16 . 61 and 16 . 7l imply that there is a generic element k £ H with drPh^dTPk = 4>- 

Notice M fl dxPk 7^ <P- By Proposition 16.81 we see M D dxPk contains no singular 
points. Let m £ M fl dxPk be a regular point, and s[, s' 2 the two singular points on 
dxPk with (i T (m, sj) < 7r/2. Also let s 3 , s 4 be the two singular points on dxPh other 
than sx and s 2 , and £' £ {/i(+oo), 00)} but £' 7^ £. Notice dx{i' .rn) < tt. Let 
a be a minimal geodesic from m to Lemma 16.121 implies there are 771 £ {s' 1; s' 2 }, 
^2 £ {^3, s 4 } such that 771 and r/ 2 are the only singular points in the interior of a. 
Notice 7r/2 < ^(7/2, m) < 7r and d T (£', m) = dxiC, V2) + ^t(t?2, m). 

If £ = h(+oo) then we define m' to be an accumulation point of {h l (m) : % > 1}, 
otherwise, £ = h(—oo) and we define m' to be an accumulation point of the set 
{/i~*(m) : % > 1}. In either case, m' £ M fl dxPh- It follows from Theorem 12.21 that 
dj<{m' = dj<{m, £'). The proof of Lemma [6.91 shows 

d T (£', m') = dr(£', 772) + ^(772, m'). 

Consequently 772 lies on a minimal geodesic from £' to m' and (^(772, — ^t(?72> w). 
Since 7r/2 < ^(772,771) < 7T, m' lies in the interior of S]S 2 . 

□ 

Since we assume there is no fake plane in X Proposition 15.91 implies there is no 
simple closed geodesic with length 2.5tt in dxX. 

Lemma 6.14. Let h, k £ H be generic elements with drPh H drPk = <P an d cth = ctk- 
If there are £ £ {h(+oo), h(— 00)}, 7/ £ {k(+oo), k(— 00)} wi/i ^(£05^0) — ^ en 
dxiCiV) = 71 f or an V £ ^ {/i(+oo), 00)}, 77 £ {A;(+oo), 00)}. In particular, 
< h,k > contains a free group of rank two. 
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Proof. Let a be a minimal geodesic from £ to 7/ , and ^ 6 drPh, Vi e 9rPk the only 
two singular points on a. Clearly dr(^i>^i) = tt/2 and o?t(Co? ^i) + driviiVo) — 7r /2- 
Let £q and 770 be defined by {£ , £o) = {^(+°°) ; K~ {^o, ?7o} = {^(+°°); &( —0 °)}- 
We denote the singular points on drPh by £i, 773, £2, suc h that the six points 
£i ; £ch ^2> £q, ^4 are in cyclic order on drPh- Similarly we denote the singular points 
on drPk by 771, £3, 772, £4 such that the six points 7/1, 770, £3, r/2, rf , £4 are in cyclic order 
on d T Pk- 

Lemma 16. 131 implies each of the four segments £17/3, £27/4, 771^3, 7/2^4 contains a 
point of the minimal set M in its interior. Lemma f6. 121 applied to the two segments 
£1773 and 7/2^4 shows that at least one of the following holds: (1) £^(£1,772) = 7r /2; 
(2) d T (£i ) £ 4 ) = tt/2; (3) d T {r) 3 ,r) 2 ) = tt/2; (4) d T (%,£ 4 ) = ir/2. (2) can not hold since 
otherwise £i£ 4 U £47/! U 77i£i is a simple closed geodesic with length 1.57T. (3) can not 
hold since otherwise 7/ 1 £ 1 U £i7/ 3 U 7/37/2 U 7/ 2 £4 U £47/! is a simple closed geodesic with 
length 2.57T. So either (1) or (4) holds. 

Suppose (1) holds. Then dr(€o,vb) = n since <^t(£o,£i) + ^(£1,^2) + d T (7] 2 ,r]' ) = 
c?t(£o,£i) + tt/2 + ^(771,770) = 7T. Apply Lemma f6.12l to the two segments ?74£2 
and 77 1 £' 3 . The argument in the preceding paragraph shows either 0^(774, £3) = 7r/2 
or d T (£ 2 ,?7i) = If d r (7/4,£ 3 ) = tt/2, then d T (£' ,r) 4 ) + d T (r] 4 , £ 3 ) + d T (£ 3 , 77 ) = 

^T(£o, r /4)+7r/2+c? T (£i,£o) = tt. Thus d T (£g, 7/ ) = tt. Similarly we show d T (£o, 7/ ) = 7r 
if ^(£2,771) = 7r/2. By applying Lemma 16.121 to the two segments £27/4 and £4772 and 
using a similar argument we also conclude oV(£q, ?7o) = 7r - 

The proof when (4) holds is similar. 

□ 

Lemma 6.15. Let h, k e H be generic elements with drPh H $rffc = and 0^ = 0^. 
T/ten < h,k > contains a free group of rank two. 

Proof. We may assume Min(h) = Ph after replacing h with h 2 if necessary. Set 
7/0 = fc(+oo). By Lemmas 16. 121 and 16. 131 we see there are singular points £1 G drPh, 
771,772 G d T P k with d T (£i,77i) = tt/2 and driv^Vi) < n / 2 (» = M). 

Consider hkh -1 , k and h(drPk), drPk- Notice h^drPk) = drPhkh- 1 - It follows 
from <9 T P/j PI <9 T P fc = that <9 T P fc 7^ dxPhkh- 1 - By Lemma 16.71 we may assume 
dxPk H dxPhkh- 1 — 0- Apply Lemma 16.121 to the two segments 77x772 and ^1(771)^(772) - 
Since ^(£1,771) = d T (£i, M?7i)) = tt/2, by using the fact that there is no simple 
closed geodesic with length 1.5?r or 2.5?r in <9tA" we see either ^(^(^2), 171) = tt/2 
or dT(h(r]i), 772) = tt/2. In both cases we conclude that 0^(770, h(r)o)) = it. Recall 
7/0 = fc(+oo) and notice ^(770) = hkh^ 1 (+oo). Now Lemma lb. 141 applied to hkh~ l 
and /c implies that < hkh' 1 , k > contains a free group of rank two. 

□ 

Proposition 16. 1 ll now follows from Lemma f6. 151 
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7 Groups Containing Special Elements 

In Section El we studied subgroups containing generic elements. In this section we 
consider subgroups containing special elements. 

Theorem 7.1. With the assumptions of Theorem M . 11 If a subgroup H of G contains 
a special element, then H either is virtually free abelian or contains a free group of 
rank two. 

We notice Theorem 11.11 follows from Corollary 13.41 and Theorems 16.41 and 17. 11 

As in Section |U1 we will prove Theorem 17. II bv assuming H neither is virtually free 
abelian nor contains a free group of rank two and then deriving a contradiction from 
this. Let M be a minimal set of H. Then c£t(£, m) < tt for any £ G A(H) and any 
m G M. We again consider two cases depending on whether M contains any singular 
points. 

7.1 When the Minimal Set Contains Regular Points 

In this section we prove Theorem 17. II when M contains regular points: 

Proposition 7.2. Theorem \ 7. 1\ holds if there exists a special element ho G H such 
that M n BtPhq contains a regular point. 

We recall that if h G H is a special element, then h(+oo) and h(— oo) are singular 
points. Notice in the proof of the following four lemmas we do not have to assume 
that M contains regular points. 

Lemma 7.3. Let h, k G H be two special elements such that the four points h(+oo), 
h(—oo), k(+oo), k(—oo) are all distinct. If there is some £ G 8tX such that 
(It(C,v) =, k/2 whenever r\ is one of the four points h(+oo) , h{—oo), k(+oo), k(—oo), 
then < h,k > contains a free group of rank two. 

Proof. Notice cf T (£',7/) = n for any £' G {h(+oo), h(-oo)}, rf G {/c(+oo), fc(-oo)}. 

□ 

Lemma 7.4. Let h,k G H be two special elements. If dr(h(+oo),k(+oo)) = 7r/2 ; 
<^t(^(+oo), k(— oo)) = 7r/2 and h fixes at least one of k(+oo), k(—oo), then H either 
is virtually free abelian or contains a free group of rank two. 

Proof. The assumption implies dTMin(h) D dTMin(k) ^ <p. There exists e > 
such that N e (Min(h)) fl N e (Min(h)) is unbounded. Theorems 12.51 and 12.41 imply 
Ch{G) fl Ck(G) acts properly and cocompactly on N e (Min(h)) fl N e (Min(h)). There 
is a hyperbolic isometry (see proof of Lemma l6~7|) g G Ch(G) fl C^{G). Both h and k 
commute with g. It follows that h(P g ) = P g , k(P g ) = P g . h is not of rank one implies 
g is not of rank one. Thus g is either generic or special. If g is generic, then P g is a 
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flat. In this case, < h,k > acts cocompactly on P g , so contains a generic element and 
the lemma follows from Theorem 16.41 

Suppose g is a special element. P g splits P g = Y x R where F is a tree. The 
assumption implies one of h, k, say h has an axis of the form {y } x R (y G Y), 
and k has an axis of the form c x {t } (i G -R) where c C F is a geodesic in F. 
Notice /i(c x {to}) is an axis of hkh~ l and has the form h(c x {to}) = c' x {ti} for 
a geodesic c' C F and some ti G i£. Recall in a discrete group, the axes of any two 
hyperbolic isometries can not share exactly one endpoint. Thus c x {to} and d x {t{\ 
either do not share any endpoints or have the same endpoints. If they do not share 
any endpoints, then < k, hkh^ 1 > is a free group of rank two. If they have the same 
endpoints, then d — c since F is a tree. In this case both h and k leave the flat c x R 
invariant and < h,k > acts cocompactly oncxij and therefore contains generic 
elements. 

□ 

Lemma 7.5. Let h,k G H be two special elements. If cfy(/i(+oo), k(+oo)) = 7r/2 ; 
dr{h(+oo) , k(—oo)) = n/2, then H either is virtually free abelian or contains a free 
group of rank two. 

Proof. If {k(+oo), k(—oo)} fl {h(k(+oo)), h(k(—oa))} ^ (ft, then either there is some 
n G {1, 2, 3} so that h n fixes one of fc(+oo), k{— oo), or the two sets {fc(+oo), k(— oo)} 
and {h 2 (k(+oo)), h 2 (k(—oo))} are disjoint. In the former case the lemma follows from 
Lemma 17.41 

Now we may assume {k(+oo), k{— oo)} fl {h l (k(+oa)), h l (k{— oo))} = (j) for % = 1 
or 2. It follows from Lemma 17.31 that < k, h l kh~ l > contains a free group of rank two 
since ^(M+oo), = vr/2 for any £ G {A;(+oo), k(— oo), /i l (A;(+oo)), h l {k{— oo))}. 

□ 

Lemma 7.6. // {/i(+oo), oo)} fl {/c(+oo), oo)} 7^ for any two special ele- 
ments h,k G H , then H is virtually infinite cyclic. 

Proof. Let k G H be a fixed special element. Then for any h & H, hkh~ l is also a 
special element. The assumption implies that the axes of k and hkh~ l are parallel. 
Thus h(Pk) = Phkh- 1 — Pk for any h G H. Pk splits &sY x R where F is a tree. After 
passing to an index two subgroup if necessary, each h G H acts on P^ = Y x R as 
h = (h', T) where h! is an isometry of F and T is a translation on i?. Then h — > T 
defines a homomorphism from i7 onto an infinite cyclic group. We notice the image 
of the homomorphism is indeed infinite cyclic since if is a group of cellular isometries. 
Let Hq be the kernel of this homomorphism. There is no hyperbolic isometry in Hq 
since any hyperbolic isometry in H is special and the assumption implies its axes 
should be parallel to {y} x R. So H is a torsion group acting properly on the tree 
F. It follows that H is a finite group. 

□ 
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Proof of Proposition ITT2"1 Since M n dxPho contains a regular point, Theorem 12.21 
and Proposition 14.71 imply that M n $r-P/i contains a regular point for any special 
element h G H . By Lemma 17.61 we may assume there are special elements h,k G H 
with {h(+oo), h(— oo)} n {A;(+oo), oo)} = 0. Let m G M fl c^rPfc be a regular 
point. By replacing k with fc -1 if necessary we may assume dy(m, fc(+oo)) < 7r/2. 
Let s G i9T-Pfe be the unique singular point in the interior of mk(—oc). 

Notice dT(rn, h(+oo)), dxim, h(— oo)) < tt and recall a branch point in OtX is 
a singular point. First suppose the intersection mh(+oo) fl mh(—oo) is a nontrivial 
segment. Then m/i(+oo)nm/i(— oo) = ms or m/c(+oo). If m/i(+oo)nm/i(— oo) — ms, 
then d T (s, £) = 7r/2 for any £ G {h(+oo), h(— oo), fe(+oo), oo)}. In this case the 
proposition follows from Lemma 17.31 If mh(+oo) fl mh(-oo) = mk(+oo), then 
d,T{k(+oo) , h(+oo)) = dx{k(+oo), h(— oo)) = 7r/2 and the proposition follows from 
Lemma 17.51 

Now suppose mh(+oo) fl mh(-oo) = {m}. In this case, h(+oo)m U mh(—oo) 
is a geodesic between two singular points and so has length an integral multiple of 
n/2. Since dT(rn,h(+oo)),dT(rn,h(—oo)) < n, the length of /z(+oo)m U mh(— oo) 
is either 7r or 1.57T. The length of /i(+oo)m U mh(-oc) can not be 1.57T since 
drih^+oo), h(— oo)) = 7r and there is no simple closed geodesic with length 2.57T 
in 8tX. Therefore the length of h{+oo)m U mh{— oo) is 7r. It follows that either 
s G {h(+oo), h(— oo)} or A;(+oo) G {/i(+oo), oo)}. The choice of h, k implies 
s G {h(+oo), h(— oo)}. Since g?t(s, fc(+oo)) = rfy(s, fc(— oo)) = 7r/2, the proposition 
follows from Lemma f7.5l 

□ 

7.2 When the Minimal Set Contains Singular Points 

In this section we prove Theorem 17. II when M contains singular points: 

Proposition 7.7. Theorem \7. 1\ holds if there exists a special element h G H such 
that M n dxPho contains a singular point. 

Notice Theorem 17.11 follows from Propositions 17.21 and 17.71 Also recall Lemmas 
O IH O and [02 are still valid. 

Lemma 7.8. If for any special h G H , M fl {/i(+oo), h(— oo)} = <fi, then H either is 
virtually free abelian or contains a free group of rank two. 

Proof. By Lemma 17.61 we may assume there are two special elements h,k G H with 
{/i(+oo), h{-oo)} H {A;(+oo), fc(-oo)} = 0. 

Let m G M fl OtPhq be a singular point, and g £ iJ be an arbitrary special 
element. Then dri^m, g(+oo)) < tt, drim, g(— oo)) < tt. The assumption implies 
e&r(m, g>(+oo)) > tt/2, d T (m, g{— oo)) > 7r/2. If dr(m, gr(— oo)) = 7r, then Theorem 
12.21 implies g(+oo) is an accumulation point of {g J ( m ) : « > 1} and thus lies in 
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M, contradicting to the assumption. Therefore <ir(m, g(— oo)) = ir/2. Similarly 
drirn, g(+oo)) = n/2. 

Now dr{m, h(+oo)) = dxirn, h{— oo)) = dxirn, k(+oo)) = d T (m, k(— oo)) = 7r/2 
and {/i(+oo), oo)} H {A;(+oo), k(— oo)} = 0. The lemma follows from Lemma 17.31 

□ 

Lemma 7.9. Let h,k E H be two special elements. If M D {/t(+oo), oo)} 7^ 
and M fl {fc(+oo), 00)} = <fi, then H either is virtually free abelian or contains a 
free group of rank two. 

Proof. We may assume h(+oo) G M. Since M fl {A;(+oo), k(— 00)} = 4> the proof 
of Lemma EU shows <ir(/i(+oo), fc(+oo)) = rf T (/i(+oo), fc(— 00)) = 7r/2. The lemma 
now follows from Lemma 17.51 

□ 

Proof of Proposition 17771 Suppose H neither is virtually free abelian nor contains 
a free group of rank two. By Lemma 17.61 there are two special elements h,k G H 
with {/i(+oo), h(— 00)} fl {/c(+oo), k(— 00)} = (j). Lemmas 17.81 and 17.91 imply that 
M n {h{+oo), h(-oo)} ^ and M n {&(+oo), fc(-oo)} ^ 0. 

We first claim {/i(+oo), 00)} C M. Suppose the claim is false. After possibly 
replacing h and k with their inverses we may assume h(—oo) G M, h(+oo) ^ M 
and 00) G M. We observe dT{h(— 00), 00)) = 7r/2 otherwise /i(+oo) would 
be an accumulation point of {h l (k(— 00)) : 2 > 1} and thus lie in M. Notice 
g?t(M+og), k(— 00)) < a. If c?r(/i(+oo), 00)) = Ti and 0" is a minimal geodesic 
from /i(+oo) to k(— 00), then a U oo)h(— 00) is a geodesic from /i(+oo) to h(—oo) 
with length 1.57T. It follows that there is a simple closed geodesic with length 2.57T 
in 8tX (as c/r(/i(+oo), 00)) = n), a contradiction. If g?t(^(+oo), 00)) = 7r/2, 
then we have o?t(^(+oo), k(— 00)) = cfr(/i(— 00), 00)) = 7r/2 and by Lemma 1731 
if either is virtually free abelian or contains a free group of rank two. 

Thus {/i(+oo), h(— 00)} C M, and similarly {k(+oo), k(— 00)} C M. By assump- 
tion we have d T (C,,r]) < tt for any £ G {/i(+oo), 00)} and 77 G {A;(+oo), 00)}. 
If ^(£,77) = 7r for any £ G {/i(+oo), h(— 00)} and any 77 G {/c(+oo), 00)}, then 
< h,k > contains a free group of rank two. Therefore we may assume there are 
£ G {h(+oo), h(-oo)} and 77 G {/c(+oo), fc(-oo)} with d T (£,,rf) = ir/2. Without 
loss of generality we assume dT{h(— 00), k(— 00)) = 7r/2. Then the argument in the 
preceding paragraph finishes the proof. 

□ 
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